
Quantum Systems Reference Sheet Handout

1 1-D Particle-in-a-Box
Hamiltonian:

Ĥ
.
= − ℏ2

2m

∂2

∂x2
(1)

Eigenstates:

|n⟩ .
=

√
2

L
sin

nπx

L
(2)

n = {1, 2, 3, . . . } (3)

Eigenvalue Equations:

Ĥ |n⟩ = π2ℏ2

2µL2
n2 |n⟩ (4)

(5)

2 Particle-on-a-Ring
Hamiltonian:

Ĥ
.
= −ℏ2

2I

∂2

∂ϕ2
(6)

Eigenstates:

|m⟩ .
=

1√
2πr0

eimϕ (7)

m = {· · · − 2,−1, 0, 1, 2, . . . } (8)

Eigenvalue Equations:

Ĥ |m⟩ = ℏ2

2I
m2 |m⟩ (9)

L̂2 |m⟩ = ℏ2 m2 |m⟩ (10)
L̂z |m⟩ = ℏm |m⟩ (11)

3 2-D Particle-in-a-Box
Hamiltonian:

Ĥ
.
= − ℏ2

2m

(
∂2

∂x2
+

∂2

∂y2

)
(12)
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Eigenstates:

|mn⟩ .
=

√
2

Lx

√
2

Ly

sin
mπx

Lx

sin
nπy

Ly

(13)

m = {1, 2, 3, . . . } (14)
n = {1, 2, 3, . . . } (15)

Eigenvalue Equations:

Ĥ |mn⟩ = π2ℏ2

2µ

(
m2

L2
x

+
n2

L2
y

)
|mn⟩ (16)

(17)

4 Particle-on-a-Sphere
Hamiltonian:

Ĥ
.
= −ℏ2

2I

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

]
(18)

Eigenstates:

|ℓm⟩ .
= Y m

ℓ (θ, ϕ) (19)

= (−1)
m+|m|

2

√
2ℓ+ 1

4π

(ℓ−m)!

(ℓ+m)!
Pm
ℓ (cos θ) eimϕ (20)

ℓ = {0, 1, 2, . . . } (21)
m = {−ℓ, . . . , 0, . . . , ℓ} (22)

Eigenvalue Equations:

Ĥ |ℓm⟩ = ℏ2

2I
ℓ(ℓ+ 1) |ℓm⟩ (23)

L̂2 |ℓm⟩ = ℏ2 ℓ(ℓ+ 1) |ℓm⟩ (24)
L̂z |ℓm⟩ = ℏm |ℓm⟩ (25)

5 Hydrogen Atom
Hamiltonian:

Ĥ
.
= − ℏ2

2µ
∇2 − ke2

r
(26)

.
= − ℏ2

2µr2

[
∂

∂r

(
r2

∂

∂r

)
+

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

]
− ke2

r
(27)

2



Quantum Systems Reference Sheet Handout

Eigenstates:

|nℓm⟩ .
= Rnℓ(r)Y

m
ℓ (θ, ϕ) (28)

= −

√(
2Z

na0

)3
(n− ℓ− 1)!

2n[(n+ ℓ)!]3

(
2ρ

n

)ℓ

e−
ρ
n L2ℓ+1

n+ℓ (
2ρ
n )(−1)

m+|m|
2

√
2ℓ+ 1

4π

(ℓ−m)!

(ℓ+m)!
Pm
ℓ (cos θ) eimϕ

(29)

ρ =
Zr

a0
(30)

n = {1, 2, 3, . . . } (31)
ℓ = {0, 1, 2, . . . , n− 1} (32)
m = {−ℓ, . . . , 0, . . . , ℓ} (33)

Eigenvalue Equations:

Ĥ |nℓm⟩ = −1

2

(
Ze2

4πϵ0

)2
µ

ℏ2
1

n2
|nℓm⟩ (34)

= −13.6eV 1

n2
|nℓm⟩ (35)

L̂2 |nℓm⟩ = ℏ2 ℓ(ℓ+ 1) |nℓm⟩ (36)
L̂z |nℓm⟩ = ℏm |nℓm⟩ (37)
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