
Acceleration in Polar Coordinates Instructor’s guide

In polar coordinates, the position vector is:

r⃗ = sŝ

To find the velocity, take a time derivative:

v⃗ =
d

dt
(sŝ)

= ṡŝ+ s ˙̂s

But what is ˙̂s?
Start by writing ŝ and ϕ̂ using Cartesian basis vectors:

ŝ = cosϕx̂+ sinϕŷ

ϕ̂ = − sinϕx̂+ cosϕŷ
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Now, take the time derivative:

d

dt
ŝ = − sinϕϕ̇x̂+ cosϕ�

��
0
˙̂x+ cosϕϕ̇ŷ + sinϕ �

��
0
˙̂y

= ϕ̇ϕ̂

d

dt
ϕ̂ = −cosϕϕ̇x̂− sinϕ�

��
0
˙̂x− sinϕϕ̇ŷ + cosϕ �

��
0
˙̂y

= −ϕ̇ŝ

So, plugging back into the velocity:

v⃗ = ṡŝ+ s ˙̂s

v⃗ = ṡŝ+ sϕ̇ϕ̂

Now, I can find the acceleration the same way:

a⃗ =
d

dt

(
ṡŝ+ sϕ̇ϕ̂

)
= s̈ŝ+ ṡ ˙̂s+ ṡϕ̇ϕ̂+ sϕ̈ϕ̂+ sϕ̇

˙̂
ϕ

= s̈ŝ+ ṡ(ϕ̇ϕ̂) + ṡϕ̇ϕ̂+ sϕ̈ϕ̂+ sϕ̇(−ϕ̇ŝ)

= (s̈− sϕ̇2)ŝ+ (sϕ̈+ 2ṡϕ̇)ϕ̂
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How can I interpret these acceleration terms?

a⃗ = (

acceleration of radial coordinate︷︸︸︷
s̈ −sϕ̇2︸ ︷︷ ︸

centripetal acceleration
)ŝ+ (

tangential acceleration︷︸︸︷
sϕ̈ + 2ṡϕ̇︸︷︷︸

Coriolis acceleration
)ϕ̂

• The first term tells me the second derivative of the radial coordinate.

• The second term is pointing toward the center (it has a minus sign) and is proportional to the
square of the angular velocity. This is like ac = rω2 = v2

r
. This is the centripetal acceleration.

When something moves in a circle, in order to keep turning (and move in a straight line with
constant speed), there needs to be an acceleration towards the center.

• The third term is the tangential acceleration, like aT = rα.

• The fourth term is a Coriolis acceleration. This is an acceleration that arises from the radial
coordinate changing while the angular coordinates changes (e.g., the object moves away from the
center while also moving around the center).
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