
Quantum Ring Equation Sheet Handout

Equations for any 1-D System with Time-Independent Hamiltonian

Expansion in an Eigenbasis:

|ψ⟩ =
∑
m

cm |m⟩ (1)

cm = ⟨m|ψ⟩ (2)
ψ(x) = ⟨x|ψ⟩ (3)

Probabilities:

Pm = |cm|2 (4)
= | ⟨m|ψ⟩ |2 (5)

⟨Â⟩ = ⟨ψ| Â |ψ⟩ (6)
=

∑
m

amPm (7)

∆Â =

√
⟨Â2⟩ − ⟨Â⟩2 (8)

Projection Postulate:

|ψ′⟩ = Pm |ψ⟩√
⟨ψ|Pm |ψ⟩

(9)

Pm = |m⟩ ⟨m| (10)

Time Dependence:

iℏ
∂

∂t
|ψ⟩ = H |ψ⟩ (11)

|ψ(t)⟩ =
∑
m

cm |m⟩ e−iEm
ℏ t (12)

Equations Specific to the Ring

Operators and Eigenvalue Equations:

Lz
.
= −iℏ ∂

∂ϕ
(13)

H
.
= −ℏ2

2I

∂2

∂ϕ2
(14)

[H,Lz] = 0 (15)
Lz |m⟩ = mℏ |m⟩ (16)
H |m⟩ = Em |m⟩ (17)

=
ℏ2

2I
m2 |m⟩ (18)

(19)
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Eigenfunctions:

|m⟩ .= 1√
2πr0

eimϕ (20)

m = {−∞, . . . ,−1, 0, 1, . . . ,∞} (21)

Inner Product:

⟨ψ1|ψ2⟩ =
∫ 2π

0

ψ∗
1(ϕ)ψ2(ϕ) r0dϕ (22)
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