Vector Surface and Volume Elements Handout

1. Find the formulas for the differential area elements for:

a) a plane (choose a easy one)

b) a finite cylindrical shell (to the top/bottom and side separately),

c¢) a spherical shell.

Solution The differential area element dff, is found by taking the vector cross product of the
differential displacements along the edges of a “box”:
dA = dél X dgg

a) a plane

Use rectangular coordinates. In the xy-plane, the side lengths of the box are:

dly = dx &

dly = dy

dA = dfy x di,
=drx Xdyy
=drdyz

If I did the cross product in the other order, the differential area vector would point in the
opposite direction.

a finite cylindrical shell (including the area elements of the top and bottom),

Use cyclindrical coordinates.

I’ll orient the cyclinder to the z-axis runs along the axis of symmetry of the cyclinder. The
top and bottom are parallel to the z = 0 plane.

For the top of the cylindrical shell whose center:

dly = ds §
dly = sd¢ &
dAy, = dly x di
=dsé x sdpo
=sdsdp?z

I need to do the cross product in this order so that the differential area element points out
of the closed cyclinder.

But from the bottom of the shell, I should do the cross product in the other order, which
introduces a minus sign:

dAportom = —sds do 2
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For the side of the cyclindrical shell:

dly, = sdo ¢
dly = dz 2
dAsige = dly x dly
=sdpp x dz 2
=sdpdz s

c) a spherical shell

Use spherical coordinates.

dly =rdoo
dly = rsinfdo é
dAsige = dly x dly
=rdff x Tsinﬁdgf)qﬁ
=rsinfdidor

2. Find the formulas for the differential volume elements for:
a) a thick slab
b) a cylinder

c¢) a sphere
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Solution The differential volume element can be found by taking the triple product between
differential displacements along the edges of a cube:

dr = (dly x dly) - dls

I have to evaluate the cross product first to avoid trying to take the cross product of a vector

with a scalar.
e thick slab

Use rectangular coordinates to describe a cube.

dl, = dz &
dly = dy
dls = dz 2

ATgiap = (dly x dly) - dls
=drr xdyy-dz2z
=drdyz-dzz
=drdydz

ATsiap = dx dy dz

e cylinder.
Use cylindrical coordinates to describe a “pineapple chunk” cube.

dl, = ds §
dly = sd¢ &
dls = dz 2

AT eylinder = (dé X de) - dly
= (dsé x sdp ) -dz 2
=sdsdopz-dzz
=sdsdpdz

chylinder = sds d¢ dz

e a sphere
Use spherical coordinates to describe a “pumpkin piece” cube.
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dty, = dr
dly =rdfo
dly =r sin9d¢g5
ATsphere = (d0y x dlz) - dy
= (dr#xrdff)-rsinddeo
:rdrdﬁqg‘r sin@dgbqg
=72 sin 0 dr de d¢

ATsphere = r? sin @ dr do do



